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Exercise. Let a, b ∈ R, a < b.

(a) Define what it means for a function f : [a, b] → C to be "absolutely continuous"

Solution.
f is absolutely continuous on [a, b] if ∀ϵ > 0, ∃δ > 0 s.t. for any finite set of disjoint
intervals (a1, b1), . . . , (aN , bN) s.t. (aj, bj) ⊆ [a, b] for all j,

N∑
1

(bj − aj) < δ =⇒
n∑
1

|f(bj) − f(aj)| < ϵ

(b) Prove, using the definition of absolute continuity, that the product of two absolutely continuous
functions is absolutely continuous.

Solution.
Let f and g be absolutely continuous functions.
Since f, g continuous, they are bounded on [a, b]

=⇒ ∃M, N ′ ∈ N s.t. |f(x)| ≤ M and |g(x)| ≤ N for all x ∈ [a, b]
Since f, g absolutely continuous, for any ϵ > 0,

∃δ1 > 0 s.t.
n∑
1

(bj − aj) < δ1 =⇒
n∑
1

(f(bj) − f(aj)) <
ϵ

2N
,

and ∃δ2 > 0 s.t.
n∑
1

(bj − aj) < δ2 =⇒
n∑
1

(g(bj) − g(aj)) <
ϵ

2M

Let δ = min{δ1, δ2}. Then for
n∑
1

(bj − aj) < δ,

n∑
1

∣∣∣f(bj)g(bj) − f(aj)g(aj)
∣∣∣ =

n∑
1

∣∣∣f(bj)g(bj) − f(bj)g(aj) + f(bj)g(aj) − f(aj)g(aj)
∣∣∣

≤
n∑
1

[∣∣∣f(bj)
∣∣∣ ·

∣∣∣g(bj) − g(aj)
∣∣∣ +

∣∣∣g(aj)
∣∣∣ ·

∣∣∣f(bj) − f(aj)
∣∣∣]

≤
n∑
1

[
M

∣∣∣g(bj) − g(aj)
∣∣∣ + N

∣∣∣f(bj) − f(aj)
∣∣∣]

= M
n∑
1

∣∣∣g(bj) − g(aj)
∣∣∣ + N

n∑
1

∣∣∣f(bj) − f(aj)
∣∣∣

< M
(

ϵ

2M

)
+ N

(
ϵ

2N

)
= ϵ

Thus, f(x)g(x) is absolutely continuous.
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